Edge-chromatic numbers of Mycielski graphs  by Kwon, Young Soo et al.
Discrete Mathematics 312 (2012) 1222–1225
Contents lists available at SciVerse ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Edge-chromatic numbers of Mycielski graphs
Young Soo Kwon a, Jaeun Lee a,∗, Zhongfu Zhang b
a Department of Mathematics, Yeungnam University, Kyongsan, 712-749, Korea
b College of Mathematics and Information Science, Northwest Normal University, Lanzhou 730070, PR China
a r t i c l e i n f o
Article history:
Received 20 April 2010
Received in revised form 9 December 2011
Accepted 10 December 2011
Available online 3 January 2012
Keywords:
Mycielski graph
Edge-chromatic number
a b s t r a c t
In this paper, we show that the Mycielski graph M(G) of a graph G is Class I except when
G = K2.
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1. Introduction
For a graphG and apositive integer k, a proper k-edge-coloring is amappingφ : E(G)→ C such that adjacent edges receive
distinct colors, where C is a set of k colors. The edge-chromatic number of a graph G, denoted by χ ′(G), is the minimum k
for which G has a proper k-edge-coloring. For a graph G with maximum degree ∆(G), since the edges incident with the
same vertex must be assigned to different colors, it always holds that χ ′(G) ≥ ∆(G). In 1964, Vizing [12] showed that every
graph G has edge-chromatic number either ∆(G) (known as a Class I graph) or ∆(G) + 1 (known as a Class II graph). The
problem of deciding the class of a given graph is NP-complete for general graphs [5]. However, there have been efforts to
find edge-chromatic numbers of graphs in some classes. For example, Vizing showed that a simple planar graph is Class
I if its maximum degree is at least 8 [13]. In contrast, for any 2 ≤ k ≤ 5, there exist simple planar Class II graphs with
maximum degree k. Vizing conjectured the following: ‘‘All simple planar graphs with maximum degree 6 or 7 are Class
I’’ [13]. Sanders and Zhao and, independently, Zhang partially proved Vizing’s conjecture by showing that all simple planar
graphs with maximum degree 7 are Class I [10,14]. Vizing’s conjecture is still open for simple planar graphs with maximum
degree 6.
Let φ : E(G) → C be a proper edge-coloring of G. For any two c1, c2 ∈ C , let G(c1, c2) be the subgraph of G induced by
the edge set φ−1(c1) ∪ φ−1(c2). Each component of G(c1, c2) is a path or an even cycle. For any component H of G(c1, c2), if
we exchange the colors assigned to the edges in H , then the resulting edge-coloring of G is also proper.
For a given graph Gwith V (G) = {v1, . . . , vn}, theMycielski graph M(G) of G is defined as follows:
V (M(G)) = {v1, . . . , vn} ∪ {u1, . . . , un} ∪ {w}
E(M(G)) = E(G) ∪ {viuj : vivj ∈ E(G)} ∪ {uiw : 1 ≤ i ≤ n}.
We call G the base graph of M(G). Note that the Mycielski graph M(G) of G contains G itself as a subgraph, together with
n + 1 additional vertices. For convenience, let V = {v1, . . . , vn} and U = {u1, . . . , un}. For any positive integer n, let
[n] = {1, . . . , n}.
∗ Corresponding author.
E-mail addresses: ysookwon@yu.ac.kr (Y.S. Kwon), julee@yu.ac.kr (J. Lee).
0012-365X/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2011.12.011
Y.S. Kwon et al. / Discrete Mathematics 312 (2012) 1222–1225 1223
TheMycielski graph of a graph Gwas introduced by J. Mycielski for the purpose of constructing triangle-free graphs with
arbitrarily large chromatic number [9]. In recent years, there have been results on Mycielski graphs in relation to several
coloring problems [1,2,8,7,11]. In this paper, we consider the edge-chromatic number of Mycielski graphs. The following
theorem is the main result in the present article.
Theorem 1.1. For any graph G other than K2, the Mycielski graph M(G) of G is Class I.
Note that the Mycielski graphM(K2) of K2 is C5, and hence it is Class II.
This paper is organized as follows. In the next section, we prove the main result for a Class I graph G. In Section 3, it will
be shown that, for a Class II graph G,M(G) is Class I.
2. The base graph is Class I
In this section, we prove the main theorem when the given base graph G is Class I. Before doing that, we introduce the
following useful proposition.
Proposition 2.1 ([3]). For any graph G, if the subgraph of G induced by the vertices of maximum degree is a forest, then G is
Class I.
Theorem 2.2. If G is a Class I graph other than K2, then the Mycielski graph M(G) of G is also Class I.
Proof. Let V (G) = {v1, . . . , vn}, and let D be the maximum degree of G. For a color set C = {c1, . . . , cD}, let φ : E(G)→ C
be a proper D-edge-coloring of G.
Note that∆(M(G)) = max{2D, n}. If n > 2D, then the subgraph ofM(G) induced by vertices of maximum degree is just
K1, and hence χ ′(M(G)) = ∆(M(G)) = n by Proposition 2.1. So assume that n ≤ 2D. Let n = D + k (thus 1 ≤ k ≤ D). By
reordering the vertex labels of G and the color labels of C if necessary, one may assume that vk+1 is adjacent to v1, . . . , vk,
with φ(vk+1vi) = ci for 1 ≤ i ≤ k.
Let G˜ = M(G)−w and C˜ = {c1, . . . , cD}∪{c ′1, . . . , c ′D}. Define amapping φ˜ : E(G˜)→ C˜ by φ˜(vjvℓ) = ct and φ˜(vjuℓ) = c ′t
whenever φ(vjvℓ) = ct . Note that φ˜ is a proper 2D-edge-coloring of G˜. For i ∈ [k], exchange the colors ci and c ′i on the edges
of the path ui, vk+1, vi, uk+1. Let φ′ be the resulting edge-coloring; this is a proper 2D-edge-coloring of G˜.
Now, for i ∈ [k− 1], the color c ′i is missing at ui, so we can define φ′(wui) = c ′i . Also, we can define φ′(wuk) = c1 (or c2
if k = 1) and φ′(wuk+1) = c ′k. Finally, since all colors c1, . . . , cD are missing at the vertices uk+2, . . . , uk+D, φ′ can be easily
extended to a proper 2D-edge-coloring ofM(G). 
Note that there is no exception in Theorem 2.2 for other bipartite graphs with maximum degree 1, because they are
handled by the case n > 2D. By König’s Theorem [6], any bipartite graph is Class I. So, we have the following corollary.
Corollary 2.3. If G is a bipartite graph with maximum degree at least 2, then χ ′(M(G)) = max{2∆(G), |V |}.
3. The base graph is Class II
In this section, we show that, for any Class II graph G, the Mycielski graph M(G) is Class I. To do this, we start with
following lemmas.
Lemma 3.1. For n ≥ 3, the Mycielski graph M(Kn) of the complete graph Kn is Class I.
Proof. Note that, when n is even, the complete graph Kn is Class I. So, by Theorem 2.2, it suffices to show that the lemma is
true when n is odd. Let V (G) = {v1, . . . , vn} be the vertex set of Kn. Note that χ ′(Kn) = n. Let C = {c1, . . . , c2n−2}, and let
φ : E(M(Kn))→ C be defined as follows. For any distinct integers i, j ∈ [n], let φ(vivj) = ck, where i + j ≡ k (mod n) and
k ∈ [n]; for 1 ≤ ℓ ≤ n− 2, let φ(viui+ℓ) = cn+ℓ, φ(viui+n−1) = ct and φ(wui) = ct , where 2i ≡ t (mod n) and t ∈ [n]. One
can check that φ is a proper (2n− 2)-edge-coloring ofM(Kn). This completes the proof. 
For a graph G and v ∈ V (G), we denote the degree of v and the neighborhood of v by d(v) and N(v), respectively. For a
subset S ⊆ V (G), we denote ∪u∈S N(u) by N(S).
Lemma 3.2. For n ≥ 3, if G is a bipartite graph with partite sets X and Y such that
(i) |X | = |Y | = n+ 1,
(ii) N(X) = Y , and
(iii)

v∈S d(v) ≥ n(|S| − 1)+ 1 for all S ⊂ X,
then G has a perfect matching.
Proof. Suppose that G has no perfect matching. Then, by Hall’s Theorem [4], there exists a subset S of X such that |N(S)| <
|S|. Then, by conditions (ii) and (iii), we can see that S ≠ X and |S| ≥ 2, respectively. Since the number of edges joining S to
N(S) is

v∈S d(v), we have

v∈S d(v) ≤ |S|·|N(S)| ≤ |S|(|S|−1). Now, it follows from (iii) that n(|S|−1)+1 ≤ |S|(|S|−1).
Since |S| ≥ 2, we have |S| = n + 1. Hence S = X , which contradicts the fact that S ≠ X . Therefore G has a perfect
matching. 
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For a proper edge-coloring φ : E(G)→ C of G, an edge e of G is called a c-edge (with respect to φ) if φ(e) = c .
Lemma 3.3. If G is a Class II graph with maximum degree D, then there exists a proper (D + 1)-edge-coloring φ : E(G) → C
and a mapping ψ : V (G)→ C such that,
(i) for any v ∈ V (G), no ψ(v)-edge is incident to v, and
(ii) for any c1, c2 ∈ C, | |ψ−1(c1)| − |ψ−1(c2)| | ≤ 2.
Proof. Let φ : E(G) → C be a proper (D + 1)-edge-coloring of G. Since |C | = D + 1, for any v ∈ V (G) there exists cv ∈ C
such that no cv-edge is incident to v. Hence, one can define a mapping ψ : V (G) → C such that there is no ψ(v)-edge
incident to v for any v ∈ V (G).
Suppose that maxc,c′∈C | |ψ−1(c)| − |ψ−1(c ′)| | ≥ 3. Let c1, c2 ∈ C be colors such that |ψ−1(c1)| − |ψ−1(c2)| =
maxc,c′∈C | |ψ−1(c)| − |ψ−1(c ′)| |. Let K(c1, c2) be the spanning subgraph of G whose edge set is φ−1(c1) ∪ φ−1(c2). Any
component H of K(c1, c2) is an even cycle or a path. If H is a path of length at least 1, then only endpoints of H can possibly
belong to ψ−1(c1) ∪ ψ−1(c2). Since |ψ−1(c1)| − |ψ−1(c2)| ≥ 3, there exists a component H1 of K(c1, c2) containing an
element in ψ−1(c1) but no element in ψ−1(c2). For convenience, let x be the vertex of H1 that is in ψ−1(c1).
If H1 has only one vertex x, then let φ1 = φ, and let ψ1 : V (G) → C be the mapping defined by ψ1(v) = ψ(v) for
all v ∈ V (G) − {x} and ψ1(x) = c2. Suppose that H1 is a path of length at least 1. Let y be the other endpoint of H1. Let
φ1 : E(G)→ C be the edge-coloring of G obtained by exchanging the colors assigned to the edges in H1. If ψ(y) ≠ c1, then
let ψ1 : V (G) → C be the mapping defined by ψ1(v) = ψ(v) for all v ∈ V (G) − {x} and ψ1(x) = c2. If ψ(y) = c1, then
let ψ1 : V (G) → C be the mapping defined by ψ1(v) = ψ(v) for all v ∈ V (G) − {x, y} and ψ1(x) = ψ1(y) = c2. In either
case, the coloring φ1 : E(G)→ C is a proper (D + 1)-edge-coloring of G, and for any v ∈ V (G) no ψ1(v)-edge (w.r.t. φ1) is
incident to v. Furthermore, | |ψ−11 (c1)| − |ψ−11 (c2)| | < | |ψ−1(c1)| − |ψ−1(c2)| |.
By continuing this process (if necessary), one can obtain a (D + 1)-edge-coloring φ2 : E(G) → C and a mapping
ψ2 : V (G)→ C satisfying conditions (i) and (ii). 
The mapping ψ in Lemma 3.3 assigns each vertex v of G a color cv such that no cv-edge is incident to v, and henceD+1
i=1 |ψ−1(ci)| = |V (G)|.
Theorem 3.4. If G is a Class II graph, then the Mycielski graph M(G) of G is Class I.
Proof. LetG be a graphwithmaximumdegreeD, and let V (G) = {v1, . . . , vn}. If n > 2D, then the subgraph ofM(G) induced
by the vertices of maximum degree is just K1; hence χ ′(M(G)) = D(M(G)) = n, by Proposition 2.1. If D = 2 and n ≤ 2D,
then G is K3, K3 ∪ K1, or a Class I graph. In these cases,M(G) is Class I by Theorem 2.2 and Lemma 3.1. Hence, from now on,
we assume that n ≤ 2D and D ≥ 3.
By Lemma 3.3, there exists a proper (D+1)-edge-coloring φ : E(G)→ C and amappingψ : V (G)→ C = {c1, . . . , cD+1}
such that, for any v ∈ V (G), there is noψ(v)-edge incident to v, and, for any c1, c2 ∈ C , | |ψ−1(c1)|−|ψ−1(c2)| | ≤ 2. Letting
m = max{|ψ−1(ci)| : i ∈ [D+ 1]}, it follows thatm− 2 ≤ |ψ−1(ci)| for i ∈ [D+ 1]. Since n =D+1i=1 |ψ−1(ci)| and n ≤ 2D,
we havem ≤ 3. Moreover, ifm = 3, then |ψ−1(ci)| ≥ 1 for i ∈ [D+ 1].
Let G˜ = M(G) − w, and let G1 be the bipartite subgraph of G˜ formed by the edges between V and U . Since ∆(G1) = D,
there exists a proper D-edge-coloring φ1 : E(G1) → C1, where C1 = {cD+2, . . . , c2D+1}. For convenience, let C˜ =
(C ∪ C1) − {c2D+1} = {c1, . . . , c2D}. Using the proper edge-colorings φ of G, φ1 of G1 and a mapping ψ defined on V , we
can define a proper 2D-edge-coloring φ2 : E(G˜)→ C˜ as follows. For i, j ∈ [n] satisfying vivj ∈ E(G), let φ2(vivj) = φ(vivj),
let φ2(viuj) = φ1(viuj) if φ1(viuj) ≠ c2D+1, and let φ2(viuj) = ψ(vi) if φ1(viuj) = c2D+1. One can check that φ2 is a proper
2D-edge-coloring of G˜.
To find a proper 2D-edge-coloring of M(G), we define an order relation on the vertex set U . For i ∈ [D + 1], let Xi be
the set of vertices in U that are incident to a ci-edge (w.r.t. φ2), and let X = U −D+1i=1 Xi. Note that U is the disjoint union
of X1, . . . , XD+1 and X . For i ∈ [D + 1], we have |Xi| ≤ |ψ−1(ci)| ≤ 3. Without loss of generality, we may assume that
|X1| ≥ · · · ≥ |XD+1|. Now, we give a vertex ordering ui1 , . . . , uin of U as follows. If X ≠ ∅, then choose one vertex x in X ,
and let ui1 = x. If X = ∅, then choose one vertex u in Xj, where j is the largest integer such that Xj ≠ ∅, and let ui1 = u.
For the remaining ordering, for i, j ∈ [D+ 1]with i < j, let the order of any vertex in Xi − {ui1} be smaller than that of any
vertex in Xj − {ui1}. Furthermore, for k ∈ [D+ 1], let the order of any vertex in Xk − {ui1} be smaller than that of any vertex
in X − {ui1}. Since any vertex in Xi or X is not incident to a cj-edge for distinct i and j in [D+ 1], one can see that no cj-edge
is incident to uij .
From now on, we modify the coloring φ2 and extend it to a proper edge-coloring φ˜ ofM(G) by the following steps.
Step 1: Choose vertices ui1 , . . . , uin−D−1 ∈ U . For 1 ≤ j ≤ n − D − 1, if no cD+j+1-edge is incident to uij in G˜, then assign
cD+j+1 to the edgewuij . If there is a cD+j+1-edge incident to uij in G˜, then consider the component Hj of G˜(cj, cD+j+1)
containing uij . Note that Hj is a path. By exchanging the colors cj and cD+j+1 assigned to the edges in Hj, and by
assigning the color cD+j+1 to the edge wuij , we can get a proper (2D)-edge-coloring φ˜1 of the subgraph induced by
the edges in E(G˜) ∪ {wuij : j = 1, . . . , n− D− 1}.
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Step 2: Let U2 = U − {ui1 , . . . , uin−D−1}. Define a bipartite graph B as follows: V (B) = U2 ∪ C and E(B) = {uikcj :
no cj-edge (w.r.t. φ˜1) is incident to uik}, where C = {c1, . . . , cD+1}. Now, we aim to show that B satisfies the three
conditions (i)–(iii) in Lemma 3.2. Clearly, condition(i), |U2| = |C | = D+ 1, holds.
If D = 3, then n ≤ 2D = 6, and hence |U2| = n − D − 1 ≤ 2 and D − |U2 ∩ Xi| ≥ 1 for any 1 ≤ i ≤ 4. If D ≥ 4, then
D− |U2 ∩ Xi| ≥ 1 for any 1 ≤ i ≤ D+ 1, because |U2 ∩ Xi| ≤ |Xi| ≤ |ψ−1(ci)| ≤ 3. In either case, D− |U2 ∩ Xi| ≥ 1 for any
1 ≤ i ≤ D+ 1. Hence, for any ci ∈ C , we have d(ci) ≥ D+ 1− (|U2 ∩ Xi| + 1) ≥ D− |U2 ∩ Xi| ≥ 1, which implies condition
(ii), N(U2) = C .
For any subset S of U2,
D+1
i=1 |{e : e is a ci-edge incident to SinG}| ≤ |S| + n − D − 1. So, we have u∈S d(u) ≥
(D + 1)|S| − (|S| + n − D − 1) ≥ D|S| − (2D − D − 1) ≥ D(|S| − 1) + 1. By Lemma 3.2, B has a perfect matching.
Let f : U2 → C be the mapping defined by the perfect matching. Now, by assigning the color f (uik) to the edge wuik , one
can get a proper (2D)-edge-coloring ofM(G). This completes the proof. 
The following example illustrate our construction when the base G of M(G) is obtained by deleting a 7-cycle from the
complete graph K7 of order 7.
Example 3.5. LetG be a graphwith V (G) = {v1, v2, v3, v4, v5, v6, v7} and E(G) = {vivj : |i−j| ∈ {1, 2, 5, 6}}. One can check
that G is Class II. First, we find φ and ψ that satisfy conditions (i) and (ii) in Lemma 3.3. Let φ : V (G)→ C = {1, 2, 3, 4, 5}
be a proper 5-edge-coloring of G defined by
φ(v1v7) = φ(v2v4) = 1, φ(v1v3) = φ(v4v6) = φ(v5v7) = 2,
φ(v2v3) = φ(v4v5) = φ(v6v7) = 3, φ(v1v6) = φ(v2v7) = φ(v3v5) = 4,
φ(v1v2) = φ(v3v4) = φ(v5v6) = 5,
and let ψ : V → C be the mapping defined by
ψ(v3) = ψ(v5) = ψ(v6) = 1, ψ(v2) = 2, ψ(v1) = 3, ψ(v4) = 4, ψ(v7) = 5.
Now, φ and ψ satisfy conditions (i) and (ii) in Lemma 3.3.
Next, let G˜ = M(G) − w, and let G1 be the bipartite subgraph of G˜ formed by the edges between V and U . We define a
proper 4-edge-coloring φ1 : E(G1)→ C1 = {6, 7, 8, 9} by φ1(viui+1) = 6, φ1(viui+2) = 7, φ1(viui+5) = 8, φ1(viui+6) = 9
for i ∈ [7]. A proper 8-edge-coloring φ2 : E(G˜) → C˜ = {1, . . . , 8} associated with φ, φ1, and ψ is defined as follows. For
any vivj ∈ E, let φ2(vivj) = φ(vivj), let φ2(viuj) = φ1(viuj) if φ1(viuj) ≠ 9, and let φ2(viuj) = ψ(vi) if φ1(viuj) = 9.
Now, X1 = {u2, u4, u5}, X2 = {u1}, X3 = {u7}, X4 = {u3}, X5 = {u6}, and X = ∅. The ordering of U corresponding to our
method is as follows: ui1 = u6, ui2 = u2, ui3 = u4, ui4 = u5, ui5 = u1, ui6 = u7, ui7 = u3. For j ∈ {1, 2}, we can see that no
j-edge is incident to uij . Also, consider the component Hj ofG(j, j+ 5) containing uij .
Note that H1 is the path ui1 = u6, v5 and H2 is the path ui2 = u2, v7, v5, u7. Following our method, we can get a proper
8-edge-coloring φ1 on the subgraph induced by the edges in E(G) ∪ {wui1 , wui2} as follows. For all edges e inG except e
in E(H1) ∪ E(H2), let φ1(e) = φ2(e), and let φ1(v5ui1) = 1, φ1(v7ui2) = φ1(v5u7) = 2, φ1(v5v7) = 7, φ1(wui1) = 6,
and φ1(wui2) = 7. Now, constructing the bipartite graph B(V2, E2) and then finding a perfect matching between the
remaining vertex set {uij : j = 3, 4, 5, 6, 7} and the color set {1, 2, 3, 4, 5}, we can get a proper 8-edge-coloring φ of
the graph M(G) as follows. For e ∈ E(G) ∪ {wui1 , wui2}, let φ(e) = φ1(e). For the remaining edges incident to w, letφ(wui3) = 2,φ(wui4) = 4,φ(wui5) = 5,φ(wui6) = 1, andφ(wui7) = 3.
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